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Abstract
Gross, Mansour and Tucker introduced the partial-dual orientable genus
polynomial and the partial-dual Euler genus polynomial. They computed
these two partial-dual genus polynomials of four families of ribbon graphs,
posed some research problems and made some conjectures. In this paper, we
introduce the notion of signed sequences of bouquets and obtain the partial-
dual Euler genus polynomials for all ribbon graphs with the number of edges
less than 4 and the partial-dual orientable genus polynomials for all orientable
ribbon graphs with the number of edges less than 5 in terms of signed se-
quences. We check all the conjectures and find a counterexample to the
Conjecture 3.1 in their paper: There is no orientable ribbon graph having
a non-constant partial-dual genus polynomial with only one non-zero coeffi-
cient. Motivated by this counterexample, we further find an infinite family of
counterexamples to the conjecture. Moreover, we find a counterexample to
the Conjecture 5.3 in their paper: The partial-dual Euler-genus polynomial
for any non-orientable ribbon graph is interpolating.
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1. Introduction
It is well known that for any ribbon graph [1] G, equivalently, the old
cellularly embedded graph, there is a natural geometric dual ribbon graph
G∗. In [2], Chmutov introduced an extension of geometric duality called
partial duality. Loosely speaking, a partial dual is obtained by forming the
geometric dual of a ribbon graph only at a subset of its edges. Partial duality
was used to unify various relations between the Jones polynomials of (virtual)
knots and the topological Tutte polynomials of ribbon graphs [3, 4, 5].
In [7] Gross, Mansour and Tucker introduced the partial-dual orientable
genus polynomials for orientable ribbon graphs and the partial-dual Euler
genus polynomials for arbitrary ribbon graphs.
Definition 1. [7] The partial-dual Euler-genus polynomial (abbr. pDe-
polynomial) of any ribbon graph G is the generating function
∂εG(z) =
∑
A⊆E(G)
zε(G
A)
that enumerates partial duals by Euler-genus. The partial-dual orientable
genus polynomial (abbr. pDg-polynomial) of an orientable ribbon graph G
is the generating function
∂ΓG(z) =
∑
A⊆E(G)
zγ(G
A)
that enumerates partial duals by orientable genus.
Clearly, if G is an orientable ribbon graph, then ∂ΓG(z) =
∂εG(z
1
2 ).
They gave an edge-contraction/edge-deletion recurrence equation for the
subdivision of an edge. This subdivision recursion was then used to derive
closed formulas for the partial-dual orientable genus polynomials of four fam-
ilies of ribbon graphs. They also posed some research problems and made
some conjectures. Conjecture 3.1 and Conjecture 5.3 in their paper state
that
Conjecture 2. [7] There is no orientable ribbon graph having a non-constant
partial-dual genus polynomial with only one non-zero coefficient.
Conjecture 3. [7](Interpolating). The partial-dual Euler-genus polynomial
∂εG(z) for any non-orientable ribbon graph is interpolating.
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In this paper, we first introduce a new notion of signed sequence for
bouquets, i.e. ribbon graphs having a single vertex. Then we obtain the
partial-dual Euler genus polynomials for all ribbon graphs with the number
of edges less than 4, the partial-dual orientable genus polynomials for all
orientable ribbon graphs with the number of edges less than 5 using these
sequences and we find a counterexample to Conjecture 2. Motivated by this
counterexample, we further find an infinite family of counterexamples to the
conjecture. Moreover, we find a counterexample to Conjecture 3.
We assume that the readers are familiar with the basic knowledge of
topological graph theory and in particular the ribbon graphs, and we refer
the readers to [6, 8].
2. Signed sequences of bouquets
A signed rotation of a bouquet is a cyclic ordering of the half-edges at
the vertex and if the edge is an untwisted loop, then we give the same sign
+ to the corresponding two half-edges, and give the different signs (one +,
the other −) otherwise. The sign + is always omitted. See Figure 1 for an
example. Sometimes we will use the signed rotation to represent the bouquet
itself.
Figure 1: A signed rotation of the bouquet is (a, b,−a, c, b,−c, d, d).
Example 4. Let Θ be a non-orientable bouquet with the signed rotation
(a, b, c, d,−b,−a, c, d).
Then ∂εΘ(z) = 4z
2 + 12z4.
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Edges a b c d e f g h i j
α 1 2 3 5 4 2 2 1 0 0
β -1 2 3 5 -4 2 2 1 0 -0
Table 1: Example 6
Note that Example 4 is a counterexample to Conjecture 3.
Let Θ be a bouquet and let E(Θ) = {e1, · · · , en} and e ∈ E(Θ). The
interlace number of e, denoted by α(e), is defined to be the number of edges
which are all interlaced with e. We say that β(e) is the signed interlace
number of e, where
β(e) =
{
α(e), if e is an untwisted loop,
−α(e), if e is a twisted loop.
Definition 5. The signed sequence of the bouquet Θ, denoted by S(Θ) =
(β(e1), · · · , β(en)), is obtained by sorting the signed interlace number from
small to large, where β(e1) ≤ β(e2) ≤ · · · ≤ β(en).
Note that
∑
1≤i≤n
β(ei) is always even.
Example 6. Let Θ be a bouquet with the signed rotation
(a, b,−a, c, b, i, i, d, e, c, f, g, h, d, j,−j, h,−e, g, f).
Then S(Θ) = (−4,−1,−0, 0, 1, 2, 2, 2, 3, 5) as listed in Table 1.
3. The partial-dual genus polynomials for ribbon graphs with small
number of edges
In this section we show that signed sequences are sufficient for us to
determine the partial-dual genus polynomials of ribbon graphs with small
number of edges. Let P,Q be two ribbon graphs, we denote by P ∨ Q the
ribbon-join of P and Q. Note that in general the ribbon-join is not unique.
We need the following lemmas.
Lemma 7. [7] Let B = B1 ∨B2 ∨ · · · ∨Bk. Then
(1) ∂εB(z) =
∂εB1(z)
∂εB2(z) · · · ∂εBk(z).
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(2) If B is orientable, then ∂ΓB(z) =
∂ΓB1(z)
∂ΓB2(z) · · · ∂ΓBk(z).
Lemma 8. Let G be a ribbon graph and A ⊆ E(G). Then ∂εG(z) = ∂εGA(z).
If G is orientable, then ∂ΓG(z) =
∂ΓGA(z).
Proof. This is because the sets of all partial duals of G and GA are the
same.
It is well known that every connected ribbon graph contains a bouquet in
the set of its all partial duals. It suffices for us to consider the partial-dual
genus polynomials for bouquets. A loop e at the vertex of a bouquet Θ is
trivial if there is no loop of Θ which interlaces with e.
Lemma 9. Let B be a bouquet and e ∈ E(B). Then
∂εB(z) =
{
2 ∂εB−e(z), if e is a trivial untwisted loop,
2z ∂εB−e(z), if e is a trivial twisted loop.
Proof. If e is a trivial twisted loop, suppose that the signed rotation of B
is (e,Φ,−e,Ψ). Then
B = B1 ∨B2 ∨B3,
where signed rotations of B1, B2 and B3 are (e,−e), (Φ), and (Ψ), respec-
tively. It follows that
∂εB(z) =
∂εB1(z)
∂εB2(z)
∂εB3(z) = 2z
∂εB2(z)
∂εB3(z) = 2z
∂εB−e(z),
by Lemma 7. The same reasoning applies to the case when e is a trivial
untwisted loop, obtaining ∂εB(z) = 2
∂εB−e(z).
Corollary 10. Let B be a bouquet with
S(B) = (P ,
i︷ ︸︸ ︷
−0, · · · ,−0,
j︷ ︸︸ ︷
0, · · · , 0,Q).
Then
∂εB(z) = 2
i+jzi ∂εB−E′(z),
where E ′ = {e | β(e) = −0 or 0}. Moreover,
S(B − E ′) = (P ,Q).
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Proof. For any e ∈ E(B), if β(e) = −0, then e is a trivial twisted loop.
If β(e) = 0, then e is a trivial untwisted loop. It follows immediately from
Lemma 9.
A ribbon graph is called empty if it has no edges. We say that G is prime,
if there don’t exist non-empty ribbon subgraphs G1, · · · , Gk of G such that
G = G1 ∨ · · · ∨Gk where k ≥ 2. Otherwise, G is called non-prime. Let e(Θ)
be the number of loops of the theta graph Θ.
Theorem 11. Let Θ1 and Θ2 be prime bouquets with e(Θi) ≤ 3, i ∈ {1, 2}.
Then S(Θ1) = S(Θ2) if and only if Θ1 = Θ2.
Proof. There are 15 cases and the proof is straightforward as shown in the
following table.
Cases # Edges Signed sequences Bouquets
Case 1 e = 1 (0)
Case 2 e = 1 (-0)
Case 3 e = 2 (1, 1)
Case 4 e = 2 (-1, 1)
Case 5 e = 2 (-1, -1)
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Case 6 e = 3 (1, 1, 2)
Case 7 e = 3 (2, 2, 2)
Case 8 e = 3 (-1, 1, 2)
Case 9 e = 3 (-2, 1, 1)
Case 10 e = 3 (-2, 2, 2)
Case 11 e = 3 (-1, -1, 2)
Case 12 e = 3 (-2, -1, 1)
Case 13 e = 3 (-2, -2, 2)
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Case 14 e = 3 (-2, -1, -1)
Case 15 e = 3 (-2, -2, -2)
Remark 12. Theorem 11 is not true for non-prime bouquets. For example,
suppose that Θ1 = (a, a, b, b, c, c) and Θ2 = (a, a, b, c, c, b). It is obvious that
S(Θ1) = S(Θ2) = (0, 0, 0), but Θ1 6= Θ2.
Theorem 13. Let Θ1 and Θ2 be bouquets. If S(Θ1) = S(Θ2) and e(Θi) ≤
3, i ∈ {1, 2}, then
∂εΘ1(z) =
∂εΘ2(z).
Proof. If Θ1 and Θ2 are prime bouquets, then Θ1 = Θ2 by Theorem 11.
Therefore,
∂εΘ1(z) =
∂εΘ2(z).
Otherwise, Θ1 and Θ2 are non-prime bouquets. Then there exist non-empty
ribbon subgraphs B1, · · · , Bk of Θ1 such that Θ1 = B1 ∨ · · · ∨ Bk where Bj
is a prime bouquet for any 1 ≤ j ≤ k. Since e(Θ1) ≤ 3, it follows that there
are two cases: k = 2 or k = 3.
If k = 2, then S(Θ1) ∈ {(0, 0), (−0, 0), (−0,−0), (0, 1, 1), (−1, 0, 1),
(−1,−1, 0), (−0, 1, 1), (−1,−0, 1), (−1,−1,−0)}. We give the proof only for
the case S(Θ1) = S(Θ2) = (−1, 0, 1). Similar arguments apply to the other
cases. Suppose that e ∈ E(Θ1) and e′ ∈ E(Θ2) with β(e) = β(e′) = 0. Then
S(Θ1−e) = S(Θ2−e′) = (−1, 1). Note that Θ1−e and Θ2−e′ are prime bou-
quets. Thus Θ1−e = Θ2−e′ by Theorem 11. We know ∂εΘ1(z) = 2 ∂εΘ1−e(z)
and ∂εΘ2(z) = 2
∂εΘ2−e′(z) by Corollary 10. Therefore,
∂εΘ1(z) =
∂εΘ2(z).
If k = 3, then S(Θ1) ∈ {(0, 0, 0), (−0, 0, 0), (−0,−0, 0), (−0,−0,−0)}.
For any case, the proof is immediately by Corollary 10.
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Remark 14. If e(Θi) ≥ 4, Theorem 13 is sometimes wrong. For example,
Θ1 = (a, c,−a, d, b, d, c,−b),
and
Θ2 = (a, c, b,−a,−b, d, c, d).
Then S(Θ1) = S(Θ2) = (−2,−1, 1, 2), but
∂εΘ1(z) = 4z
2 + 8z3 + 4z4,
∂εΘ2(z) = 2z + 2z
2 + 8z3 + 4z4.
Theorem 15. Let Θ1 and Θ2 be orientable bouquets with e(Θi) ≤ 4, i ∈
{1, 2}. Then S(Θ1) = S(Θ2) if and only if Θ1 = Θ2.
Proof. We give the proof only for the case e(Θ1) = e(Θ2) = 4, the other
cases have been discussed in Theorem 11. There are 6 cases and the proof is
straightforward as shown in the following table.
Cases Signed sequences Bouquets
Case 1 (1, 1, 1, 3)
Case 2 (1, 1, 2, 2)
Case 3 (1, 2, 2, 3)
Case 4 (2, 2, 2, 2)
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Case 5 (2, 2, 3, 3)
Case 6 (3, 3, 3, 3)
Remark 16.
• If e(Θi) ≥ 5, Theorem 15 is sometimes wrong. For example, let
Θ1 = (a, b, c, a, d, c, e, b, d, e)
and
Θ2 = (a, b, c, a, d, e, c, b, e, d).
Then S(Θ1) = S(Θ2) = (2, 2, 2, 3, 3), but numbers of faces
f(Θ1) = 2, f(Θ2) = 4.
Thus Θ1 6= Θ2.
• If Θ1 and Θ2 are non-orientable bouquets, Theorem 15 is sometimes
wrong. For example, let
Θ1 = (a, b,−a, c,−b, d, c, d),
and
Θ2 = (a, b, c,−b, d,−a, d, c).
It is obvious that S(Θ1) = S(Θ2) = (−2,−1, 1, 2), but
f(Θ1) = 2, f(Θ2) = 1.
Therefore, Θ1 6= Θ2.
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Theorem 17. Let Θ1 and Θ2 be orientable bouquets. If S(Θ1) = S(Θ2) and
e(Θi) ≤ 4, i ∈ {1, 2}, then
∂ΓΘ1(z) =
∂ΓΘ2(z).
Proof. If Θ1 and Θ2 are prime bouquets, then Θ1 = Θ2 by Theorem 15.
Therefore,
∂ΓΘ1(z) =
∂ΓΘ2(z).
Otherwise, Θ1 and Θ2 are non-prime bouquets. We give the proof only for
the case e(Θ1) = e(Θ2) = 4, the other cases have been discussed in Theorem
13. Then there exist non-empty ribbon subgraphs B1, · · · , Bk of Θ1 such
that Θ1 = B1 ∨ · · · ∨ Bk where Bj is a prime bouquet for any 1 ≤ j ≤ k.
There are two cases.
Case 1 If k ≥ 3, then there exist e ∈ Θ1 and e′ ∈ Θ2 such that β(e) = β(e′) =
0. Note that S(Θ1 − e) = S(Θ2 − e′) and ∂ΓΘ1(z) = 2 ∂ΓΘ1−e(z), ∂ΓΘ2(z) =
2 ∂ΓΘ2−e′(z) by Corollary 10. Since e(Θ1 − e) = e(Θ2 − e′) = 3, it follows
that ∂ΓΘ1−e(z) =
∂ΓΘ2−e′(z) by Theorem 13. Thus
∂ΓΘ1(z) =
∂ΓΘ2(z).
Case 2 If k = 2, then S(Θ1) ∈ {(1, 1, 1, 1), (0, 1, 1, 2), (0, 2, 2, 2)}. If S(Θ1) =
{1, 1, 1, 1}, it is evident that Θ1 = Θ2 as shown in Figure 2. Therefore,
∂ΓΘ1(z) =
∂ΓΘ2(z). If S(Θ1) = (0, 1, 1, 2) or S(Θ1) = (0, 2, 2, 2), this follows
by the same method as in Case 1.
Figure 2: A bouquet with signed sequence (1, 1, 1, 1).
Remark 18. If e(Θi) ≥ 5, Theorem 17 is sometimes wrong. For example, let
Θ1 = (a, b, a, c, b, d, e, c, d, e),
and
Θ2 = (a, b, a, c, d, b, e, d, c, e).
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S(Θ) ∂εΘ(z) ∂ΓΘ(z)
(0) 2 2
(-0) 2z upslope
(1, 1) 2 + 2z2 2 + 2z
(-1, 1), (-1, -1) 2z + 2z2 upslope
(1, 1, 2) 2 + 6z2 2 + 6z
(2, 2, 2) 8z2 8z
(-1, 1, 2), (-2, -1, 1), (-2, -2, 2) 2z + 2z2 + 4z3 upslope
(-2, 1, 1), (-2, -2, -2) 2z + 6z2 upslope
(-1, -1, 2), (-2, -1, -1), (-2, 2, 2) 4z2 + 4z3 upslope
(1, 1, 1, 3) 2 + 14z2 2 + 14z
(1, 1, 2, 2), (2, 2, 2, 2) 2 + 10z2 + 4z4 2 + 10z + 4z2
(1, 2, 2, 3), (2, 2, 3, 3) 12z2 + 4z4 12z + 4z2
(3, 3, 3, 3) 8z2 + 8z4 8z + 8z2
Table 4: The partial-dual genus polynomials for prime bouquets Θ with e(Θ) ≤ 4.
Then S(Θ1) = S(Θ2) = (1, 2, 2, 2, 3), but
∂ΓΘ1(z) = 12z + 20z
2,
∂ΓΘ2(z) = 2 + 14z + 16z
2.
By Theorems 13 and 17, we give the pDe-polynomial for an arbitrary
prime ribbon graph Θ with e(Θ) ≤ 3 and give the pDg-polynomial for an
arbitrary prime ribbon graph Θ′ with e(Θ′) ≤ 4 in terms of signed sequences
of bouquets as shown in Table 4.
The bouquet with signed sequence (2, 2, 2) is a counterexample to Con-
jecture 2.
We now present two small examples.
Example 19. Let Θ be a bouquet with signed rotation
(h, a, b, c, d, c, a, d, b, h, i, e, f,−e, g,−f, g,−i).
Since β(h) = 0, β(i) = −0, by Corollary 10
∂εΘ(z) = 2
2z ∂εΘ−{h,i}(z).
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Moreover, Θ−{h, i} = (a, b, c, d, c, a, d, b, e, f,−e, g,−f, g) = Θ1 ∨Θ2, where
Θ1 = (a, b, c, d, c, a, d, b),Θ2 = (e, f,−e, g,−f, g). Since S(Θ1) = (1, 1, 2, 2),
S(Θ2) = (−2,−1, 1), it follows that ∂εΘ1(z) = 2 + 10z2 + 4z4, ∂εΘ2(z) =
2z + 2z2 + 4z3 by Table 4. Then
∂εΘ(z) = 2
2z ∂εΘ−{h,i}(z) = 22z ∂εΘ1(z)
∂εΘ2(z)
= 22z(2 + 10z2 + 4z4)(2z + 2z2 + 4z3)
= 16z2 + 16z3 + 112z4 + 80z5 + 192z6 + 32z7 + 64z8.
Example 20. Let G be a ribbon graph as shown in Figure 3 and let A =
{a, b, c, d, e}. Then GA is a bouquet. An easy computation shows that the
signed rotation of GA is
(a, c, h, c, b, h, b, a, d, g, e, f, e, d, g, f).
Since β(a) = 0, it follows that
∂ΓGA(z) = 2
∂ΓGA−a(z).
Furthermore, GA − a = (c, h, c, b, h, b, d, g, e, f, e, d, g, f) = Θ1 ∨ Θ2, where
Θ1 = (c, h, c, b, h, b),Θ2 = (d, g, e, f, e, d, g, f). Since S(Θ1) = (1, 1, 2),
S(Θ2) = (1, 2, 2, 3), we have ∂ΓΘ1(z) = 2 + 6z, ∂ΓΘ2(z) = 12z + 4z2 by
Table 4. Therefore,
∂ΓG(z) =
∂ΓGA(z) = 2
∂ΓGA−a(z) = 2
∂ΓΘ1(z)
∂ΓΘ2(z)
= 2(2 + 6z)(12z + 4z2) = 48z + 160z2 + 48z3.
Figure 3: A ribbon graph G.
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Remark 21. Note that for any subset A ⊆ E(G), GA and GAc are geometric
duals, having the same Euler genus or orientable genus. Thus each term of
the partial dual genus polynomial of a non-empty ribbon graph has an even
coefficient.
4. An infinite family of counterexamples
In this section, we further give an infinite family of counterexamples to
Conjecture 2.
Lemma 22. Let Θt be a bouquet with the signed rotation
(1, 2, 3, · · · , t, 1, 2, 3, · · · , t).
Then
γ(Θt) =
{
1
2
(t− 1), if t is odd,
1
2
t, if t is even.
Proof. The result is easily verified when t = 1, 2, Now let t ≥ 3. By Figure
4, we have
Figure 4: Proof of Lemma 22.
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f(1, 2, 3, · · · , t− 1, t, 1, 2, 3, · · · , t− 1, t)
= f(1, · · · , t− 2, 1, · · · , t− 2, t− 1, t, t− 1, t)
= f(1, · · · , t− 2, 1, · · · , t− 2).
In the same manner we can see that if t is odd, then
f(1, 2, 3, · · · , t, 1, 2, 3, · · · , t) = f(1, · · · , t− 2, 1, · · · , t− 2)
= · · · = f(1, 1) = 2.
It is easy to check that
γ(1, 2, 3, · · · , t, 1, 2, 3, · · · , t) = 1
2
(t− 1).
If t is even, then
f(1, 2, 3, · · · , t, 1, 2, 3, · · · , t) = f(1, · · · , t− 2, 1, · · · , t− 2)
= · · · = f(1, 2, 1, 2) = 1.
Thus,
γ(1, 2, 3, · · · , t, 1, 2, 3, · · · , t) = 1
2
t.
Lemma 23. [7] Let G be a bouquet and A ⊆ E(G). Then
(1) ε(GA) = ε(A) + ε(Ac).
(2) If G is orientable, then γ(GA) = γ(A) + γ(Ac).
Theorem 24.
∂ΓΘt(z) =
{
2tz
1
2
(t−1), if t is odd,
2t−1z
1
2
t + 2t−1z
1
2
(t−2), if t is even.
Proof. For any subset A ⊆ E(Θt), it is easy to calculate the genus of ΘAt
by Lemmas 22 and 23.
If t is odd, then |A| and |Ac| are exactly one odd and one even. Therefore
γ(ΘAt ) = γ(A) + γ(A
c) =
1
2
(t− 1).
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Hence
∂ΓΘt(z) = 2
tz
1
2
(t−1).
If t is even, then |A| and |Ac| are both odd or both even. It follows that
γ(ΘAt ) = γ(A) + γ(A
c) =
{
1
2
(t− 2), if |A| is odd,
1
2
t, if |A| is even.
Thus
∂ΓΘt(z) = 2
t−1z
1
2
t + 2t−1z
1
2
(t−2).
In the cast t = 3, it is exactly the bouquet with signed sequence (2, 2, 2).
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